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1. INTRODUCTION 
A classical theorem of Jentzsch [l] states that the Fredholm linear integral 
operator 
Ax(t) = s” K(t, s) x(s) ds, 
a 
(1) 
with continuous kernel K: [a, b] x [a, b] --+ (0, co), has a positive eigenvalue h 
corresponding to a positive eigenfunction x: [a, 6]+ [w. This result is an 
integral analog of the Perron-Frobenius theorem for positive IZ x n matrices. 
Krein and Rutman [3] extended Jentzsch’s theorem to the case in which K is 
nonnegative and locally positive in the sense that there exist points s, , sa ,..., s, 
in [a, b] such that K(s, , sa) K(s, , ss) 0.. K(s,-~ , s,) K(s, , sl) > 0. 
Several nonlinear versions of the Jentzsch-Krein-Rutman results have 
appeared since 1950. (Many of these are given in [2].) Of particular interest has 
been an important nonlinear analog of (I), the Hammerstein integral operator 
Ax(t) = 1” K(t, s)f(s, x(s)) ds. 
a 
(2) 
Here K is nonnegative and the nonlinearity f is continuous and nonnegative 
on [a, b] x [0, c) for some c > 0. Also f (s, 0) = 0, so that the zero function is an 
eigenvector of A. It is of interest to find conditions on K and f under which A 
has positive eigenpairs, that is, a positive eigenvalue h corresponding to a 
nonnegative eigenfunction x which is not identically zero. 
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Previous theorems dealing with positive eigenpairs for (2) with weak 
hypotheses on the kernel K have required growth conditions on the nonlinearity 
f. In this article we prove the existence of positive eigenpairs for (2) for an 
extensive class of locally positive kernels which satisfy a weak uniformity 
condition, with no growth restrictions whatever on f. In fact, we assume only 
thatf is positive on certain subsets of [a, b] x (0, co). 
The class of kernels considered here includes and is far less restrictive than 
the class of kernels of Jentzsch’s theorem. Hence our results represent an 
extension of Jentzsch’s existence result for the Fredholm linear operator (1). 
2. AN ABSTRACT RESULT 
We first establish a new existence theorem for positive, completely continuous 
maps on ordered Banach spaces. Our results for (2) will be consequences of this 
abstract theorem. 
Let B be a real Banach space. A closed, convex set C C B is called a (positive) 
cone if the following conditions are satisfied: 
(i) if x E C, then hx E C whenever h > 0; 
(ii) if x E C and -x E C, then x = 0. 
A cone C in B induces a partial ordering < in B by 
X<Y ifandonlyif y-XEC. 
The space B with the partial ordering 6 induced by C is called an ordered 
Banach space. A map A with domain and range in B is said to be positive if 
Ax E C whenever x E C n dom A. 
The statement that (A,,, x,,) is a positive solution of the equation Ax = /tz: 
means that /\o is a positive number, that x0 is a nonzero element of the positive 
cone C, and that Ax, = hdc, . By a completely continuous map on some subset 
D of B, we mean a continuous function which maps bounded subsets of D into 
relatively compact sets in B. 
THEOREM 1. Let B be an ordered Banach space with positive cone C, and 
suppose A is a positive, completely continuous map defined on C, = (x E C ( 11 x II< r} 
for some r > 0. Assume there exists a continuous linear functional 0~: C + [0, CO), 
together with positive numbers m, M, and 6 satisfying: 
(a) )I Ax /I < Mol(Ax) zy x E C,; 
(b) m < rM-l and a(x) = m for some x E C,; 
(c) 01(,4x) > S if x E C, and a(x) = m. 
Then the equation Ax = )Ix has a positive solution (h, x) with a(x) = m. 
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Proof. Set S = a-‘(m) n’C, . Then S is nonempty, closed, convex, and 
bounded. Define T on S by 
For each x E S, 
TX = mAx/(c@x)). 
Furthermore or(Tx) = m, so that T maps S into itself. Since or(Ax) is bounded 
below on S, T is completely continuous. By virtue of Schauder’s theorem there 
exists x E S such that TX = x. Thus x = mAx/(ar(Ax)), and the theorem follows 
by setting h = a(Ax)/m. 
3. EXISTENCE RESULTS FOR THE HAMMERSTEIN INTEGRAL OPERATOR 
Here and throughout, Q denotes the closure of an open bounded subset of R”. 
By C(Q) we mean the (sup-normed) Banach space of real-valued, continuous 
functions on 9. C(Q) is an ordered Banach space with positive cone 
c+ E {x E C(B) 1 x(t) 2 0, t E sz}. 
We consider the equation 
h(t) = Ia K(t, s)f(s, x(s)) ds, tEf2. 
Assume that for some Y > 0, f maps Q x [0, Y] continuously into [0, CO) and 
that f (s, 0) = 0, s E Q. K is assumed to be continuous and nonnegative on 
Q x Q. Under these conditions the equation 
Ax(t) = j-- W, 4fh x(s)) ds 
defines a positive, completely continuous operator on C, = {x E C+ ) 11 x /I < Y}. 
THEOREM 2. Suppose there exists a closed set sl, C 8 of positive Lebesgue 
measure, together with positive numbers 6, and Sz , such that 
(I) Jo0 K(t, s) dt > 6, for each s E &; 
(II) for each (u, s) E Q x Q, Jn, K(t, s) dt 2 6&u, s). 
ThenifO<m<r&and 
(III) f (t, x) > 0 ;f m(meas Q&l < x < Y and t E Q,, , 
Eq. (3) has a positive solution (A, x) with SD, x(t) dt = m. 
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Proof. Let A be the map defined on C, by (4). Define ai: C+ -+ [0, 00) by 
a(x) = j,. x(s) ds. 
Then a: is linear and continuous. We show that the conditions of Theorem 1 
hold for 2-l and (Y. 
Suppose .V E C,. . Then 
ci(Ax) = j 
00 
Ax@) dt = 1 j K(t, s) f (s, x(s)) ds dt, 
00 0 
= jQ [s,, K(tv s) dt] f (s, x(s)) ds 2 j-Q 6&u, s) f (s, x(s)) ds, 
= S&t-(u), u E Q. 
Hence condition (a) of Theorem 1 holds with M = 6;‘. 
Now for fixed s, choose u E s2, such that K(u, s) = maxtea K(t, s). Applying 
(I) and (III), we see that S, < meas In, . Hence, defining x(t) = m(meas Q&l, 
t E Q, we see that a(x) = m and x(t) < r&,(meas Q&-l < Y. Therefore condi- 
tion (b) is satisfied. 
It remains to show that condition (c) of Theorem 1 holds. Suppose x E C, 
and a(~) == m. We have shown that 6, < meas Q,, . Hence m < Y meas Sz, , 
so that the interval [m(meas Q&-l, Y] is nonempty. It follows from condition 
(III) and the continuity off that there exists p < 1 and q > 0 such thatf (t, y) > p 




m= x(s) ds = jn, 44 ds + j x(s) ds 
% Q,\QL 
< Y meas Ql + pm(meas Q,)-1 (mea.5 Q, - meas Q,). 
It follows that 
m(l - p) < meas Q,[r - pm(meas Q0)-1], 
so that 
meas Ql > m( 1 - p) [Y - pm(meas J2o)-1]-1 me &, > 0. 
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+4x) = j j K(t, s)f(s, x(s)) ds dt 
s2, R 
= j, [JI? 
0 
W, 4 dt] fh 44 ds 
> 6, s 
f(s, x(s)) ds 3 6,qS, = 6 > 0. 
fh 
This proves Theorem 2. 
Clearly, conditions (I) and (II) are satisfied if K(t, f) > 6 > 0 fo 
(t, s) E Sz x 52. Hence, Theorem 2 can be considered an extension of Jentzsch’ 
existence result to nonlinear Hammerstein integral operators. The followinl 
corollary provides an extensive class of kernels which satisfy (I) and (II) bu 
which are only locally positive. 
COROLLARY 1. Assume there exist functions h, , h, , h, in C+ and a closed subse 
Q, of Sz of positive measure such that h,(t) > 0 and h3(t) > 0 for all t E s2, , am 
such that for all (t, s) E 52 x Q, 
h,(t) US) < W, 4 < h(t) MS). 
If f (s, x) > 0 for s E Q,, and x > 0, then Eq. (3) has a positive solution (A, x). 
Proof. We need only verify (I) and (II) of Theorem 2. Suppose s E L?a . Ther 
s K(t, s) dt > s h,(t) MS) dt %l % 
3 h(S) j h,(t) dt 3 6, > 0 
90 
where 6, = minSER o h3(s) [so, h,(t) dt]. Furthermore, for u and s in Q, 
j 
%I 
W, 4 dt 2 MS) j h,(t) dt 2 ~sh,N 
no 
> VG) ha(S) 3 W+, 4, 
where Sa and 6, are suitably chosen positive constants. This completes the proof 
Remark 1. Properties (I) and (II) also hold for many kernels to which 
Corollary 1 does not apply. For example, if K(t, s) = / t - s j , (t, s) E [0, l] x 
[0, I], then K(t, t) = 0 for all t E [0, I], so that the functions h, , h, , h, ol 
Corollary 1 cannot exist for K. However, for each s E [0, 11, $ K(t, s) dt > i 
and it is easily seen that this inequality implies (I) and (II) (with .R,, = [0, 11). 
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Remark 2. The assumption in Theorem 2 that K be continuous was chosen 
in part for expository purposes and can be weakened to include a larger class of 
bounded kernels. 
Remark 3. Property (I) of Theorem 2 is implied by the local positivity 
condition of Krein and Rutman. For suppose there exist points sr , s, ,..., sU 
in Sz for which K(s, , sa) K(s, , sa) ... K(s, , sJ > 0. Then there exist y > 0 
and closed subsets Q, , .Qz ,..., .Q9 of 9 of positive measure such that K(t, s) :z y 
if (t, s) EQi X Qj+r , i = I,...,p (Q,,, =Q,). Let 9, ==Qn,UQ2U -..UQ,,. 
Then if s E Q,, , s E Q)i+l for some j and 
I K(t, s) dt 2 I K(t, s) dt 3 y meas .Qj > S, > 0, 00 *i 
where 
S, = y j=yin (meas Q2,). 
. . . ..?I 
The conditions on the nonlinearity f of Theorem 2 are extremely weak. No 
growth restrictions are imposed, and f is required to be only locally positive. 
In fact, in the following exampIe of a Hammerstein operator which arises from a 
nonlinear Sturm-Liouville problem. we assume only that f is positive at one 
point of Q X (0, r]. 
EXAMPLE. Consider the nonlinear differential equation 
-xn = hf(t, x) (5) 
with boundary conditions 
x(0) = 0 = x’(l). (6) 





’ K(t, s)f(s, x(s)) ds, 
0 
K(t, s) = t if t<‘s 
L- s if t > s. 
(7) 
Let r be a positive constant. Assume f is continuous and nonnegative on 
[0, I] x [0, Y] and f (1, T) > 0. We show that (7) has a positive solution (h-l, x). 
It follows from the continuity off that there exists b < 1 such that f (t, x) > 0 
if b < t < 1 and 6r < x < Y. We apply Theorem 2 to (7) with Q. = [6, l]. 
254 LEGGE’IT AND WILLIAMS 
If s E [b, I], then 
l1 K(t, s) dt = l; t dt + j-’ s dt = s - ; - ; 
s 
(8) 
> b(1 - b) > b( 1 - b) K(u, S), u E [O, 11. 
Hence, (I) of Theorem 2 is satisfied with 6, = b(1 - b). Also, if s E [0, b], then 
/‘K(t, s) dt L- s’s dt = (1 - b) s 3 b(1 - b) s 
b b 
2 b(l - b) q4 s>, u E [O, 11. (9) 
It follows from (8) and (9) that (II) holds with 6, = b( 1 - b). Finally, if m = r?& , 
then m(meas L+,)-x = br, so thatf satisfies (III) of Theorem 2. Hence, (7) has a 
positive solution. 
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